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Abstract 

I discuss a correspondence between a fictitious fluid in the black hole mem- 
brane paradigm and highly excited closed string states according to the black 
hole correspondence principle. I calculate the membrane transport coefficients of 
an electric NS-NS 2-charged black hole and transport coefficients of the highly 
excited closed string states which possess a Kaluza-Klein number and a winding 
number. Comparing both the transport coefficients at the correspondence point, 
I show that, except for the bulk viscosity, the membrane transport coefficients 
are of the same order as the transport coefficients of the closed string states on 
the stretched horizon. Also, I show that, except for the bulk viscosity, both the 
dimensionless transport coefficients, which are defined by dividing the transport 
coefficients by the entropy density, are exactly equal if the central charge is 6. 
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1 Introduction 



A correspondence between a black hole and string states has been pointed out in many 
works. In [T], it has been proposed that the Bekenstein-Hawking entropy of a macro- 
scopic Schwarzshild black hole could be explained by highly excited neutral string states 
which cover the stretched horizon of the black hole. This correspondence has been gen- 
eralized in the case of charged black holes |2] [3|. In fact, if the mass and charges of the 
black hole are set to be equal to those of the string states at the correspondence point 
fH^h, the Bekenstein-Hawking entropy agrees with the entropy of the string states [3]. 
Although the correct numerical coefficient of the Bekenstein-Hawking entropy could not 
be reproduced in [H |3] , an exact value of the Bekenstein-Hawking entropy of a particular 
kind of black hole has been derived from string theory in |H |5] . 

So far, the relations between black hole physics and string theory have been investi- 
gated mainly by examining their entropies. However, in our previous work |6], we have 
proposed that the black hole membrane paradigm [3 El El [ID] could also be explained 
by highly excited string states. If we apply a time-dependent homogeneous background 
metric perturbation to the mixed states of the string, a viscous stress tensor of the 
string states occurs. Thus, the string states can be seen as a viscous matter. We have 
calcuiated the shear viscosity of the highly excited striug statefl and have shown that 
the shear viscosity of the fictitious fiuid in the membrane paradigm is of the same order 
as that of the highly excited string states on the stretched horizon of the black hole 
[6j. However, in our previous work, we have not examined the correspondence between 
the other transport coefficients of the black hole and the string states. Also, we have 
not considered the possible charges of the black hole and string states. In this paper, I 
generalize the previous settings and check whether the membrane transport coefficients 
of the black hole agree with the transport coefficients of the highly excited string states 
when the charges are included. 

This paper is organized as follows. In section [21 I obtain the membrane transport 
coefficients of an electric NS-NS 2-charged black hole in D dimensional bosonic closed 
string backgrounds whose D — d spatial directions are toroidally compactified. After 
the short reviews of the d dimensional low energy effective field theory of the massless 
bosonic closed strings and the electric NS-NS 2-charged black hole solution, I calculate 
the membrane transport coefficients induced by the external fields in the effective field 
theory. In section |3l I calculate the transport coefficients of the highly excited closed 
string states which possess a Kaluza-Klein number and a winding number in a compact 
direction by using the Kubo's formula. In section HI I compare the membrane trans- 
port coefficients of the charged black hole with the closed string transport coefficients 
according to the black hole correspondence principle [3]. In order to compare both the 
transport coefficients consistently, I assume that the highly excited closed string states 

^The shear of the string is caused by the fluctuation of the off-diagonal spatial component of the 
background metric, not that of the world sheet metric. In fact, there is no off-diagonal spatial component 
in the world sheet metric. 
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are on the stretched horizon of the corresponding black hole because for a distant ob- 
server, the physical degrees of freedom of the black hole seem to live near the horizon. 
Then, I show that, except for the bulk viscosity, the membrane transport coefficients are 
of the same order as the closed string transport coefficients. Also, I show that except 
for the bulk viscosity, both the dimensionless transport coefficients, which are defined 
by dividing the transport coefficients by the entropy density, are exactly equal if the 
central charge is 6. The final section is devoted to the summary and comments. In the 
Appendix 13 I calculate the bulk viscosity of the fundamental string states and see the 
discrepancy with the membrane paradigm. 

2 Membrane transport coefficients in bosonic closed 
string backgrounds 

2.1 Effective field theory in toroidal compactification 

I start with the low energy effective field theory of the bosonic closed strings in D 
dimensional spacetime. The action is given by [TT] 



5* = I d x\/ —Qe 



^ rMM' r>NN' rPP' u u 

K- — —y y y j^mnp-hm'n'p' 



(1) 



where is a constant, TZ is the Ricci scalar associated with the D dimensional metric 
Gmn, Hmnp = QmBnp + OnBpm + OpBmn, Bmn and <I>d (M, A^, P = 0, ■ ■ ■ , D - 1) 
are the antisymmetric tensor and dilaton, respectively. 

Let us consider the toroidal compactification oi D — d spatial directions, 

+ 2t:R {a = d,--- ,D -1), (2) 

where R is the compactification radius. Then, the D dimensional metric is parameterized 
as dl] 

QuNdx^dx^ = G^udx^'dx" + Gab{dx'' + Aldx^'){dx^ + A^dx"), (3) 

where /z, = 0, ■ ■ ■ , c/ — 1, G^j^p, and Gab are the d dimensional metric, Kaluza-Klein 
U{1) gauge fields and scalar fields, respectively. Since at energies below R^^, one can 
neglect the extra coordinate dependences of the fields, the action becomes [IT] 

— -G°''^G'"^G'^''{d^GabduGcd + d^Babd^Bcd) 

— -G'^'^ G"" {G abF'^yF^^i yi + G^^Ha^uHb^'u') — ^2^^^ 'H,_iup'H^'^'p'], (4) 
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where = Kjj/{27iR)^ Rq is the Ricci scalar associated with G^y, $d = — 
I In det Gab is the d dimensional dilaton and 

f;, = d,Al - d^Al, (5) 

Ha^iu = d^B„a — duB^a, (6) 

'H^up = {d^,B^p - A°^Haup) + cyclic permutations of /x, z/, p. (7) 

To obtain the Einstein-Hilbert action, we redefine the d dimensional metric and 
dilaton by 

g^,u = e-^G^^, (8) 

$ = - (9) 

where is the expectation value of Then, the action becomes 



1 



d'^'Xy/^ 



- ^G'^'G^'id^Gabd^'Gcd + d^Babd^'B^) 

- ^e-^^iGabF^^F"^" + G'^'Ha^^HD - ^e-^^U^^pU^'''' 



(10) 



where Gn = K^e^^d/Svr is the d dimensional Newton constant, Rg is the Ricci scalar 
associated with g^y and the Greek indices have been raised with g^^. 

2.2 Black hole solutions 

Let us consider the black hole solutions of (!T0|) . The simplest solution is a Schwarzshild 
black hole in d dimensional spacetime, 

ds^ = -(1 - k{r))de + (1 - k{r))-Mr^ + r^dnl_^, (11) 

where 



k{r) =i^-fj , (12) 

and th is the horizon radius of the black hole. 

One can construct an electric NS-NS charged black hole from the Schwarzshild solu- 
tion by using the solution generating method [31 [121 [ISl E] • Let us review the solution 
generating method. We consider a black string solution in c? + 1 dimensional spacetime, 
which can be obtained by simply taking a direct product of the Schwarzshild black hole 
with the real line R. The metric of the black string is given by 

ds'^ = -(1 - k{r))dt'^ + dz'^ + (1 - k{r))'^dr'^ + r^dQl_2, (13) 
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where z = x'^ denotes the spatial direction along the black string. Applying a Lorentz 
boost along z direction, 

t ^ t cosh aw + z sinh a^, 

z z coshaw + tsinhaw, (14) 
where G R and the T-duality transformation [12], 
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(15) 



we obtain the following black string solution with an electric NS-NS charge, 
ds] = -^^^dt' + ^ + (1 _ k{r))-V + r'dQU, 
k{r) cosh ttu] sinh 



e-'" = Ur), (16) 

where 

/^(r) = 1 + A;(r) sinh^ a^- (17) 

Here, the metric is expressed in string frame. Applying a Lorentz boost along z direction 
again, 

t — )■ t cosh ap + z sinh a^, 

z — )■ 2;coshap + tsinhop, (18) 

where G R and compactifying the z direction on a circle, we obtain an electric NS-NS 
2-charged black hole solution of f lTU]) . 

U{r)fp{r) 1 - A;(r) 

^^^=1^, G,fe = 5,, (a,6^d), (20) 

e-^* = fUr)fp{r), (21) 

Af= ^(^^^"^j^^";^^^"^"^ A^ = (a^rf), (22) 



^^^^ MOcosha sinha. ^ 5,. = (a ^ rf), (23) 
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where 



fp{r) = 1 + k{r) sinh^ a^, 
and the horizon radius is r = rn- The Einstein metric of this solution is 



(24) 



-{Ur)U{r))-^^{l-k{r))de + 



(^(r)/p(r))^ 
1 - k{r) 



dr' + iUr)Uir))—-r'dni 



The Arnowitt-Deser-Misner (ADM) mass and electric NS-NS charges are [13 

{d - 3)cOd-2r'lf' 



M 



BH 



N 



{d - 3)iUd-2r%' 



d~3 



16nG 



N 



+ ^(cosh(2ap) + cosh(2a^„)) 



- sinh(2ap,^) 



(25) 

(26) 
(27) 



where cOn = 271^"''^^^^'^ /T{^^) is the volume of a unit n dimensional sphere. In the 
quantum theory, the following quantities are integer normalized [3| [13]: 



R 



Since the area of the horizon is 

Ah = C0d-2r'jf'^ cosh ap cosh 
the Bekenstein-Hawking entropy and entropy density are 



Sbh 
sbh 



Ah uJd-2rH^ , , 
= — — cosh Op cosh a^u, 



4Giv 
Sbh 

'a~ 



H 



AG 



(28) 
(29) 

(30) 
(31) 



N 



2.3 Stretched horizon 



The stretched horizon is defined by the place where the local Unruh temperature becomes 
the Hagedorn temperature T ~ 1//^ |T]. To find the location of the stretched horizon, 
we consider the near horizon geometry of the black hole solution f[T^ . Let us define a 
new radial coordinate p. 



r.d-3 _ „d~3 
' H 



A P ■ 



(32) 
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Taking the near horizon hmit r ^ r^, one finds 

dsl K^p'^dt^ + dp^ + r%dnl_2, (33) 

where 

d-^ 1 . .X 

1^ = 34) 

zrn cosh ttp cosh a„, 

is the surface gravity. Thus, the Hawking temperature of this black hole is 

T = — = .ggX 

2tt Auth cosh Up cosh 
Since the local Unruh temperature at p is given by 

^' = h 

the stretched horizon is located at p ~ [T]. 

2.4 Membrane transport coefficients induced by scalar fields 

The membrane paradigm states that an observer outside an event horizon of a black 
hole sees a fictitious viscous and conductive membrane or fiuid on the stretched horizon 
[3 [HI |9]. It is known that the shear viscosity of the fictitious membrane is O [TOl [15] 

Vbh = ttA^- (37) 
IottGtv 

This value does not change even if the black hole has some charges. Here, I calculate 
the other membrane transport coefficients of the electric NS-NS 2-charged black hole. 

At first, I calculate the membrane transport coefficient induced by the dilaton piI|[T5]. 
By varying the action ffTOl) with respect to the dilation, one finds 



^ [ t;'^xv/^[V^((5$V^$)-5<l'(V^V^<f + ■■■)], 



d-2 IQnG, 



(38) 



where is the covariant derivative associated with g^y and ■ ■ ■ denotes the other terms 
of the variation. For an observer outside an event horizon, fields inside the horizon 
can not possess any classical relevance. Assuming the Dirichlet boundary condition at 
r = oo, one finds [lU] 



d-2 IQ-kGn 



(39) 
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where S denotes the stretched horizon, /i^j, is the induced metric on S and is the 
outward-pointing spacehke unit normal to S. To cancel the boundary term of (139|) . the 
following surface term should be added to the action: 

Ssurfm = j <f~^xy/^J^^. (40) 

Then, we find 

J$ is interpreted as a charge density on the stretched horizon induced by the bulk dilaton 
field. Since the Einstein metric of the black hole solution fl25|) takes the following form. 



ds^ = -gu{r)de + grr{r)dr^ + r^f{r)dnl,^, (42) 
the membrane charge density becomes 

J^ = - .\..\ ^dMyr (43) 



Fields measured by a free falling observer must be regular at an event horizon ^ [TU] . 
This is equivalent to the fact that the fields at the event horizon depend only on the 
ingoing null coordinate v defined by [15] 



Thus, near the horizon, we find 

9^,$ ~ (45) 
V 9tt 

Therefore, the membrane charge density becomes 

d — 21Qu:Gn JWt d — 216nGN 




dv = dt+J—dr. (44) 



where is the velocity vector of an observer at the stretched horizon. Thus, the 
membrane transport coefficient induced by the dilaton field is 

8 1 ^^^^ 

d — 2 IottGat 

In the same way, one can calculate the membrane transport coefficients induced by 
the scalar fields Gab and Bab- Let us consider the case of Gat- The surface term which 
we have to add to the action takes the following form: 

SsurflGab] = \j^ d'^-'x^r^Gab. (48) 
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Then, we find 



-^G = -TTT^G'^'G^'^^V^G'ed. (49) 

Lowering the indices a and b, we obtain 

Comparing f lSU]) with fHT]) . we can read off the membrane transport coefficients induced 
by Gab- Since the membrane transport coefficients induced by Bab can be obtained by 
the same way, we find 

Xg^, = Xb^, = ^Q^Q^- (51) 

2.5 Membrane conductivities induced by gauge fields 

There are two kinds of gauge fields, and B^^a- At first, I consider the case of 
[iO\ fT5] . By varying the action with respect to A^, one obtains 



6S ^ 



j (f-^x^^e-^^GabU^F^^^^Al + (bulk terms) 



(52) 



To cancel the boundary term, the following surface term should be added to the action, 

SsurAA'l] = ^ d'^-^X^JA'^^Aa,. (53) 

Then, we find 

J/"^ = -T^7^e-^n,F«^^ (54) 

Ja""^ is interpreted as the membrane current induced by the bulk gauge field Aa^. In 
the electric NS-NS 2-charged black hole background, the membrane current becomes 

J/"^ = -— ^e-^-L^Vls- (55) 

Since A" depends only on the ingoing null coordinate v on the stretched horizon, we find 



1 F't" 



2 IOttGat 



e-^i=^E''\ (56) 



8 



where i denotes the spatial components orthogonal to the radial direction r and = 
—U'^F°'i/ is the electric field measured by an observer on the stretched horizon. Thus, 
the membrane conductivities induced by A"} are 

1 4$(rj^) 

Next, I consider the case of B^^a- To cancel the boundary term, we have to add the 
following surface term to the action, 

SsurflB] = f d'^-'x^r^'^B,,. (58) 

JT.H 



Then, we find 



I 4'& 8'I> 

= --^^n,{e-—^H'"'f' - e-—^AlVy^'''). (59) 
IdttGat ^ 



In the electric NS-NS 2-charged black hole background, the second term of fl59l) vanishes 
and we obtain 

Jii^ = L^e-^^i/VL . (60) 

Comparing fl60|l with f l55|) . the membrane conductivities induced by Bia are found to be 

1 

2.6 Membrane conductivity induced by antisymmetric tensor 
field 

Finally, I calculate the membrane conductivity induced by the antisymmetric tensor 
field. By varying the action ffTOjl with respect to B^,,, one finds 



6S 



d'^-^xV^e~^n^H^"'P6B^p + (bulk terms) 



327cGn 

To cancel the boundary term, we add the following surface term. 



(62) 



Then, we find 



Ssurf[B,.] = ^ ^ d^-^x^r^B^,. (63) 



Jr = -T7:^e-^^n,H^^r (64) 
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J'^ is interpreted as the membrane antisymmetric tensor current induced by the bulk 
antisymmetric tensor field. In the electric NS-NS 2-charged black hole background, the 
membrane antisymmetric tensor current becomes 

Jb = -TTTT^^'^'^Hrly. (65) 



Using the ingoing boundary condition, we obtain 
rii 1 «* Ht'^ 



1 8#(rrr) 

e-^i^U^'H;^ (66) 



N 



Thus, the membrane conductivity induced by Bij is 

1 SHr^) 

3 Closed string transport coefficients 

3.1 Statistical description of closed string states 

A classical black hole solution represents a statistical ensemble of states. Since we 
would like to see the correspondence between a black hole and a fundamental string, the 
string should also be described by a statistical ensemble, namely the mixed states. The 
statistical equilibrium density matrix of the fundamental closed string is defined by 



p = exp(-/3iiVi - (SnNn), (68) 

where Z = tr[exp(— /^^A^'i — /S/jA'/j)], A'^^/j are the excitation levels of the closed string 
and (3l,r are the conjugate parameters of A'^^H; respectively. Using the density matrix, 
we can calculate the mean values and fiuctuations of the excitation levels and the entropy 
of the string states as follows [16], fT7] : 

Nl,r ^ {Nl,r) = (69) 

{AN,,ny ^ {{N,^n - iV,,^^) = (70) 

' L.R 



S^-(M^2,(^£^+;£f^). (71) 

Here, (O) = tr{pO) and c = D — 2 is the central charge of the D dimensional bosonic 
string theory. We have to impose that Pl^ji are much smaller than 1 because when the 
string states are in statistical equilibrium, the relative fiuctuations AA"i r/A"2.,_r should 
be much smaller than 1 [T71 dB] . Thus, in order to admit the statistical description, the 
string states must be highly excited. 
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3.2 Linear response and Kubo's formula 

To obtain the transport coefficients of the highly excited closed string states, I use the 
Kubo's formula |6]. Here, I briefly review the linear response theory and the Kubo's 
formula [TS]. Let us consider the following Hamiltonian of a homogeneous system: 

H = Ho-J2>3Mt), (72) 

j 

where Hq is a free Hamiltonian, hj{t) is a time-dependent classical external field and 
Bj is a conjugate operator of hj{t). Here, j denotes the number of the external fields. 
The external fields are assumed to be weak and the Hamiltonian is expressed in the 
Schrodinger picture. 

We are interested in the expectation values of physical operators in the presence of 
the external fields. If the external fields are turned on at a fixed time to, the expectation 
value of an operator Ai at t (t > Iq) is given by 

{Aiit))h = tr{ph{t, to)A(to)), (73) 

where Ph(t,tQ) is a time-dependent density matrix in the presence of the external fields. 
For t <to, ph reduces to a time-independent statistical equilibrium density matrix p. 

Let us find the expression of (175]) in terms of p. Since the time dependence of Ph(t) 
is given by 

^^ = iH,p], (74) 



we find 



where 



{Ai{t))h = tr[pU-\t,to)Ai{t)U{t,to)], (75) 



U{t, to) = Texp (^i dt' Bj{t')hj{t')^ , (76) 

T denotes the time-ordered product and the time-dependent operators which appear on 
the right hand side of fl75l) are expressed in the interaction picture. 
We set to = — oo. Up to the linear order in hj{t), fl75|) becomes 

6{AM ^ {A{t)), - {AM 

/oo 
dt' teit-t'){[Ait),B,it')])h,it') 
J 

/oo 
dt'GX^^{t-t')h,it'), (77) 
'OO 
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where 9{t) is the Heaviside step function and (O) = tr{pO). G^_^.{t — t') is called the 
response function. After the Fourier transformation, (177|) becomes 

5A{u) = Y,GX^^{u)h,{u). (78) 

It is known that the real part of G^.g. (a;) is even in uj and the imaginary part of G^.g. (a;) 
is odd in u [19] . Especially, in the low frequency limit a; — )■ 0, this expression takes the 
following form: 

6Ai{uj) ~ ^{-iA,B, + i^XA,B,)hj{uj), (79) 
i 

where 7^^^^ and XAiBj ^^re the leading coefficients of the real part and imaginary of 
G\,j2.{u) in w, respectively. The dissipative part of the operator Aiit) is given by the 
second term and XAiB, is called the transport coefficient. 

To obtain the transport coefficients, it is convenient to introduce the following func- 
tion, 

fMB,{t-t') = \{[Mt).B,{t')]). (80) 

It is known that [19] 

Im[GXrsM'\ = f^^^M- (81) 
Thus, in the low frequency limit a; — )■ 0, we obtain 

/ab,(w) ~ XAB.w, (82) 
which is known as the Kubo's formula. 



3.3 Closed string theory in light-cone gauge 

Let us start with the world sheet action of the D dimensional bosonic string theory. The 
action is given bjH 

^ = -i_ y"rfV[6;M7v(X)(X^X^-X'*^X'^) + SM^(X)(X'*^X^-X^^X'^)], (83) 
where cr" = (r, a) (a = 0, 1) are the world sheet coordinates and 

^ ^ ^^^^ 



^The world sheet metric has been chosen to be flat. 
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li D — d spatial directions are toroidally compactified, the action becomes 
1 



S 



Ana' 



where I have used 



and ([8]) and have defined 



Q 



MN I 



r,cr 



(85) 

(86) 
(87) 



By definition, p^^^ and Q^^^ are symmetric and antisymmetric under the exchange of 
M and A^, respectively. Expanding the background fields around the trivial backgrounds, 
one finds 



Sc^So + Si 
So ' 

Si 



Ana' 
1 

Ana' 



d'a[h,,{X)P^'' + —-^{X)r^^,P^- + Ga,{X)P''' + S„,(X)g 



■\ab 



d-2 

+ 2Aa^{X)P^^ + 2B^a{X)Q''^ + B^,{X)Q 



(89) 



(90) 



where r]MN is the fiat metric. Gab = Gab — ^ab, Sq is the free parts of the action and Si 
is composed of the linear terms in the background perturbations. In this section, h^i, 
denotes the metric perturbation around the fiat spacetime. 

I consider the closed string which possess a Kaluza-Klein number K and a winding 
number W in the direction of x'^. The mode expansions of the closed string are given 
bjl^ 



X^{r,a) = 2aYT + z\l-J2 



]fjl^-2in{T-a) _|_ "n ^-2in{T+a) 



n 



n 



X\t, a) = 2a'^T + 2WRa + i\l'^Y. 



R 



la' \ - 



a 



71 — 2m(T— cr) 



a 



n 



n 



n_ —2in(T+a) 



a, 



n —2in{T—a) 



a 



n 



+ — e 
n 



—2in{T+a) 



(a ^ d), 



(91) 
(92) 
(93) 



where a^ and a^ satisfy the following commutation relations: 



(94) 



^For simplicity, the constant terms in the mode expansions are set to be zero. 
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To solve the Virasoro constraints, we impose the hght-cone gauge, 

X+ = 2a'p^T, (95) 

where X"^ = (X*^ ± X'^^^) / \/2. Since X+ is identified with r, the spacetime coordinate 
plays the role of time and x~ describes the longitudinal spatial direction. From the 
Virasoro constraints, the mass shell conditions are found to be 

= (A? + = ipif + (96) 

a a 

where the excitation levels 

oo 

Nl = ^: {al^ani + :, (99) 

n=l 

oo 

Nr = Y,- + «-n«na) :, (100) 

n=l 

are taken to be large and i = 1, ■ ■ ■ ,d — 2 denotes the transverse noncompact spatial 
directions. The symbol : : denotes the normal ordering. 

Inserting the light-cone gauge into the action, (pUj) becomes 

Si = [ (fx I Sa5{x+ - X+)5{x- - X-)5^-^{x' - X') 

4vra' J J 



+ 2Aa,{x)P''>' + 2B^a{x)Q^'' + B^,{x)Q^''] 

^TT^ ! d'^x [ da6(x- - X-)6'^~\x' - X' 
^ J Jo 



area ^p^ 

X [h,,{x)P'''' + ^$(a;)r7^,P^'^ + Gab{x)P''' + Bab{x)Q^' 

+ 2A,,,(x)P'^^ + 25^,(x)g^» + 5^,(x)gnL= , (101) 



2a'p 



where in the second step, I have performed r integration. Thus, f llOll) can be seen as 
the spacetime action. From f llOip . one can read off the operators conjugate to the back- 
ground perturbations. For example, the stress tensor, which is the conjugate operator 
of hf,^, i^ 



V(x+,x-,x') = \— f daS(x- - X-)S'^~\x' ~ X')P'"'(t,(t)\ _ . (102) 

Ana Jq '"^-w^ 



"'T^''(a;+, X , x') is the spacetime stress tensor, not the world sheet stress tensor which is conjugate 
of the world sheet metric. 
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Let us denote L and L_ as the transverse size and longitudinal size of the closed 
string states, respectively. To obtain the closed string transport coefficients, I consider 
the operators which are spatially averaged over the volume of the string configuration, 

= [ dx-d'^-^x'0{x^,x-,x'), (103) 

Vd-i J 

where Vd-i ~ L^L'^~^ [6]. Then, all operators which I will discuss in this section are 



r^"(a;+) 
Jl^\x^) 



47ra'2p+Vd_i Jo 
1 4 
87ra'2p+Vrf_i d — 

1 r 

1 r 

1 r 

1 r 

1 r 



rfaP^^(r,a)|^_ , 


(104) 


-r/^, / daP>^^{r,a)l_ , 

Z Jo 2a'p+ 

d(TP°^(r,a)|^_ , 


(105) 
(106) 


daP''\T,a)l_ , 

2c<'p+ 


(107) 


rfcrQ'^"(r,cr)| , 

2q'p+ 


(108) 


rfaQ'^'^(r,a)|^_ , 

2a'p+ 


(109) 


daQ''\T,a)\^_ , 

2q'p+ 


(110) 



where J7$, Ja^, Jq i ^ji ■> ^^"^ ^'^^ conjugate operators of $, Aq^, Gah-, B^,^, 
B^a and Bab, respectively. 

In the membrane paradigm, there is supposed to be some effective fluid on the 
stretched horizon. Thus, to compare the dynamics of the fundamental string states 
with the membrane paradigm, we have to consider the hydrodynamical limit of the 
fundamental string states. This means that the wavelengths of the external fields which 
are applied to the string states must be much longer than the sizes of the fundamental 
string states and the frequencies of the external fields must be much shorter than the 
characteristic frequency of the fundamental string states. Therefore, I assume that 
the background perturbations only depend on a;"*". This corresponds to the infinite 
wavelength limit. Then, fllOip becomes 

5i = ^4^ / dx+ r da[h,,{x+)P^'' + -^^x+)r]^,P^'' + Gab{x+)P''' 
OTTQ p J Jo a — Z 

+ Bab{x^)Q''' + 2Aa,{x^)P''^ + 25^„(x+)g^'^ + 5^,(x+)gnL= 



Vd-1 j dx+ 



2a' p+ 



111) 
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3.4 Calculations of closed string transport coefficients 

Let us calculate the closed string transport coefficients in the trivial background fields. 
For simplicity, I set = 0. Inserting the mode expansions (19T]) - (193|) into (l86l) and (187|) . 
we find 

f daP'^H^^a)=A7^a'Y,{a^ai + af!at)e-'^, (112) 

f da iq^,P^"'{^, a) = Aira'dij + a>{)e~^ 

= / daP'^, (113) 
f daQ^^i^^a) = 4W5^(af «^ - «K)e-^, (114) 

where M,N = {i,a}. Here, I have omitted the possible constant terms because those 
terms do not contribute the calculations of the transport coefficients below. Using the 
following formula [HI [17] Jl 

{■■ «f «f :) = ^^^U^/'^^n^^,o, (115) 

we find 

[ FdaP^'^'il^^^), rda'P''^'^'{^,a')] :) = 5^ •*^'^7(x^ - x'+), (116) 
Jo Jo 

(: [ rdaQ'^H^,a), f rfa'Q^^'^'(^, a')] :) = /^^'^^'^7(x+ - x'^), (117) 
Jo Jo 

where = ^MA/'^iVJV' ^ ^mn'^nm' 
/(x+ - x'+) = -AtiArra'Y V f — i + — i ^ sin ( M^^l^l^] (ng) 

?Tl=l ^ / \ J / 

'^I have introduced the normal ordering to avoid a divergence of the response functions which conies 
from the zero point energy p| [TTl . 
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Here, one has to calculate the commutation relations in flll6p and (11171) using before 
considering the normal ordering. The Fourier transformation of the function I{x~^) is 



Kco] 



-4:i{4:7ia'Y 



m 



1 



(47ra' 



m=l 

,^ ap+u\ p 



1 



S\uj + 
1 



2m 



5{ u 



2m 



;ii9) 



where I have assumed oj to be positive. In the low frequency limit oj — )■ 0, I{co) becomes 



(120) 



where I have used fl69|l . 

At first, I calculate the shear viscosity of the closed string states. The shear viscosity 
can be obtained from the response function of the off-diagonal transverse component of 



the stress tensor Tij. Using the Kubo's formula 



r] = lim ^^^^^-^f-f .-f Xco) 



we find 



lim 



Koo) 



2 \ATTa"^p+Vd-i J u 
1 [6 



2Vd-i V c 



(121) 



where Vd-i in the first line comes from the overall proportionality in (lllip . Dividing the 
shear viscosity by the entropy density of the closed string states. 



S 



Vd-1 Vd-i V 6 
we obtain the ratio of shear viscosity to entropy density, 



Tj 3 

s 2ttc 



(122) 



(123) 



In our previous work [6] , we have calculated the shear viscosity of the open string states. 
However, 77/s does not change even if one considers the closed string states. 

Next, I calculate the closed string transport coefficient induced by the dilaton. Using 
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the Kubo's formula 



we find 



f$ = lim ^ f -7, f^fw) 



1 



2 \8TTa'^p+Vd-i d - 2 
{d-2)Vd-i' ^ 
8 1 



SijSkiSf''^ lim 



/feu) 



4 



87ra' VKi-i - 2 
6 



d-2 2Vd-i V c 



R 



'Nr). 



(124) 



In the same way, one can obtain the other transport coefficients. The closed string 
transport coefficients induced by the scalar fields Gab, Bab are 



da 



lim 


Vd- 






1 




2Vd- 


J 


lim 


Vd- 






1 




2Vd^ 


J 



6 



(125) 



(126) 



The closed string transport coefficients induced by the gauge fields ^4° and B^a are 



lim 


Vd- 






1 




2Vd- 


J 


lim 


Vd- 




UJ 


1 






J 



6 



(v^+ 0vZ). 



(127) 



(128) 



The closed string transport coefficient induced by the antisymmetric tensor is 

£r. . = lim -^—^ f^fB fB (oj) 



1 

21^1 V c 



(129) 
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4 Correspondence between membrane transport co- 
efficients and closed string transport coefficients 

4.1 The black hole correspondence principle 

The black hole correspondence principle states that as one decreases the string coupling 
Qs, a black hole will turn into string states when the curvature length scale at the horizon 
of the black hole in string frame is of the order of the string length scale [3j. In fact, 
it has been shown that when the mass and charges of the black hole are set to be equal 
to those of the string states at the corresponding point, both entropies are equal except 
for a numerical coefficient [3]. 

Let us review the correspondence between the electric NS-NS 2-charged black hole 
and the highly excited closed string states. Since the curvature at the horizon in string 
frame is of the order of r^^, the correspondence point is found to be 

TH ~ h. (130) 

The Kaluza-Klein number K and the winding number W of the closed string states 
correspond to the electric charges of the black hole Qp and Q^, respectively. Equating 
the mass and charges of the closed string states to those of the black hole, the excitation 
levels of the closed string become 

iVi~a'(M|^-(gp-gj2), (131) 
NR^a'iM^H-iqp + qn.?). (132) 

Inserting fll3ip and fll32p into the formula of the entropy of the closed string states (17T]1 . 
one finds 




S* ~ V Nr + y Nl ~ Ig-p:; — cosha^ coshaw (133) 



Thus, at the correspondence point fll30p . the entropy of the closed string states becomes 
of the same order as the Bekenstein-Hawking entropy fl30|) . 

Let us comment that the gravitational redshift does not affect the determinations of 
Nl and Nji. At the correspondence point, the factor (1 — k{r)) in the black hole solution 
( 1T9|) gets smeared out to order unity by the stringy corrections at r ~ rj^ [21 [3l [13]. 
Thus, the redshift factor near the horizon is of the order of (cosh^ ap cosh^ a^), which is 
very large when ap and are large. To see that this redshift factor does not have an 
effect on (1131 p and f ll32p . we consider the simple case ap = 0. In this case, Ni is equal 
to Nji. In the near extremal limit th/Gn — i- 0, q;^„ — )■ oo keeping r'^^e^"'^ /Gn fixed, 
f lmj) or f lT32D becomes 

/ RW\ 
N ^ RW{Mbh - -^y (134) 
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Since the mass of the extremal black hole is M^^^"^ = RW/a', AE = Mbh — RW/a' is 
the excess energy above the extremality. Although the excess energy near the horizon 
is redshifted by the factor cosha^„, since the radius R is contracted by the same factor 
near the horizon, (11341) does not change even if we take into account the redshift. If we 
turn on ap, this does not affect the determinations of Nl and Nr [3]. 

Finally, we comment that the free string formulas which we have used are valid if the 
string is highly excited [T3]. Using fllSSp and Gat ~ fi's^f"^ at the correspondence point, 
one finds 



(cosh ftp cosh a^) 2 
gs — = • (135) 



The local string coupling is given by e'^^'^^gg- Thus, near the horizon, the local string 
coupling becomes 

e*(^-)^7. ~ . ^ ^ (136) 



which is much smaller than 1 if the string is highly excited. Therefore, the free string 
formulas are valid near the horizon. 



4.2 Closed string transport coefficients at the correspondence 
point 

I discuss the correspondence between the closed string transport coefficients and the 
membrane transport coefficients. At first, one has to consider the mass dimensions 
of both the transport coefficients. The mass dimensions of the closed string transport 
coefficients are d—1. On the other hand, the mass dimensions of the membrane transport 
coefficients are d — 2. This discrepancy comes from the fact that the physical degrees 
of freedom of the black hole seem to live on the horizon for a distant observer. In 
fact, the distant observer can not see inside the black hole. Thus, I assume that at 
the correspondence point, the highly excited closed string states are on the stretched 
horizon of the black hole [HE]- This idea has been originally proposed in pQ to explain 
a macroscopic black hole entropy from highly excited string states. 

The most convenient way to realize the string states on the stretched horizon is to 
reduce the longitudinal direction because in the light-cone gauge, the physical degrees 
of freedom of the string are given by the transverse oscillators a^. By a dimensional 
reduction along the x~ direction, V^_i in the expressions of the closed string transport 
coefficients is replaced by Vd„2 ~ L'^~'^ [Q\. Then, the mass dimensions of the longitudi- 
nally reduced closed string transport coefficients are d — 2, which match with those of 
the membrane transport coefficients. 

Next, I compare the longitudinally reduced closed string transport coefficients with 
the membrane transport coefficients according to the black hole correspondence princi- 
ple. 
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The longitudinally reduced closed string transport coefficients in the trivial back- 
ground fields take the following form: 



e~T^(v^+V^). (137) 




Since the closed string states are assumed to live on the stretched horizon, is the 
area of the stretched horizon. Thus, from (1291), one finds 



Vd-2 ^ 't'h'^ cosh Up cosh a^. (138) 

When the mass and charges of the closed string states are equal to those of the black 
hole, a/ + a/ Nl is given by (11331) . Thus, at the correspondence point (I130p . ^ becomes 

e~7^- (139) 

One might suspect that the hydrodynamical description of the string states is valid 
at the correspondence point because the string size seems to be comparable to the 
"microscopic scale" of the system. To clarify this, let us find what the microscopic scale 
of the system is at the correspondence point. From (11331) and (I138p . the entropy density 
of the string states on the horizon at the correspondence point is 

' ' ' (140) 



where Ip is the Planck length. This means that there is one string state (or a string bil|j 
per Planck unit area. Thus, the microscopic scale of the system is Ip, not Ig- Since the 
area of the horizon Vd-2 is much bigger than the Planck unit area /^"^ if the excitation 
levels A'^^: and A^^^ are much bigger than 1, the hydrodynamics of the string states can be 
defined at the correspondence point. Probably, a string bit corresponds to an elementary 
particle of the fictitious fiuid of the membrane paradigm. 

The gravitational redshift does not have an effect on the closed string transport 
coefficients because the excitation levels of the string in (I137p do not depend on the 
redshift factor as was explained in the previous subsection. In that sense, the calculations 
in string theory around the fiat background spacetime seem to be valid. 

Thus, the longitudinally reduced closed string transport coefficients become of the 
same order as the membrane transport coefficients except for the dilaton factors in (l57|l . 
(16T|) and (1671) . These mismatches occur because I have not considered the background 
dependence of the dilaton field near the horizon in the string calculation. Let us take 
into account for the background dependence of the dilaton field. The value of the dilaton 
field at the stretched horizon is given by 



^In the neutral case, the total length of a highly excited string is ^ ls\N- Thus, the number of the 
string bits is ~ Vn, which is of the same order as the entropy. 
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Expanding the dilaton field around this value and the other fields around the trivial 
background, the action (185|) becomes 

S^So + Si, (142) 
So = ^J d^ae'-^Vt.uiX^X-' - X'^X'^ + 5„,(X"X'' - X'-'X''), (143) 

+ B,,{X)Q'^' + 2A,^(X)P"^ + 2B^,{X)Q^^ + B^,{X)Q^'']. (144) 
To obtain the standard action flS^ . we rescale to exp(— ^^^^'' )X^. Then, 5*1 becomes 

Si = ^, j dMh,,{X)P^- + ^$(X)r7^,P'^^ + Gab{X)P^'' 

+ 5a6(X)Q"'' + 2A„^(X)e-^P"^ + 2P^„(X)e-^g^" + B ^,{X)e''-^ Q^""]. 

(145) 

Therefore, one can obtain the closed string transport coefficients in the presence of the 
background dilaton field if one replaces 

P<^M _^ g-^^P"'', (146) 
Q«M ^ e~^^Q"'^, (147) 
QA''^ ^ e-^=^Q^^ (148) 

in the calculations of section 13.41 Since the closed string transport coefficients are given 
by the commutators of P^^^ or Q^^^ , the closed string transport coefficients induced 
by Aaf,, Ba^, and B^,^ become 

Uf--e-^^ — , (149) 
~e-^^^ — , (150) 

SKCrg) 1 

^B,, ~ e '^-^ — , (151) 

(j-iV 

at the correspondence point. These dilaton factors are the same as those in (jJT]), 
and (jnZD. Thus, except for the bulk viscosity, the closed string transport coefficients 
agree with the membrane transport coefficients at the correspondence point. 

If one defines the dimensionless quantities by dividing the transport coefficients by 
the entropy densities, it is much simpler to discuss the correspondence. In addition, one 
does not need any numerical approximations. The dimensionless membrane transport 
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coefficients are 



Vbh 


d — 2 X* 


^Gab 


^Bab 


1 


sbh 


8 Sbh 


Sbh 


Sbh 


~ 471 


XA1 

Sbh 


_ _ 1 
sbh 47r 


4<S>{r„) 

d-2 






/(.Bij 

Sbh 


1 84.(r^) 
= g d-2 

4:71 









On the other hand, the dimensionless closed string transport coefficients are 

S 8 S S S 27TC 



(152) 
(153) 

(154) 

(155) 



sA^^^^ e-^i=^, 156 

S S ZTIC 

— ^ = e . (157) 

Thus, if c = 6, both the dimensionless transport coefficients are exactly equal except 
for the bulk viscosity. Although c = 6 is not the central charge of the critical string 
theory, this value has been discussed to reproduced the correct numerical coefficient of 
the Bekenstein- Hawking entropy of the Schwarzshild black hole from string theory |16j . 



5 Summary and comments 

I have calculated the membrane transport coefficients and the closed string transport 
coefficients in the D dimensional closed string backgrounds whose D—d spatial directions 
are toroidally compactified. There are two reasons why I have considered the toroidal 
compactification. The ffist reason is to compare the membrane transport coefficients 
with the closed string transport coefficients in more general setting. The second reason 
is to introduce the Kaluza-Klein number K and winding number W in the closed string 
states. 

Then, I have discussed the correspondence between the membrane transport coeffi- 
cients and the closed string transport coefficients according to the black hole correspon- 
dence principle. I have found that except for the bulk viscosity, the membrane transport 
coefficients are of the same order as the transport coefficients of the closed string states 
on the stretched horizon at the correspondence point even when one considers nonvan- 
ishing charges. The nonvanishing dilaton factors of the membrane transport coefficients 
which appear in fl57|) . f l6T|) and fl67j) have been reproduced from the string calculation if 
one takes into account for the background dilaton field near the horizon. Finally, I have 
shown that if the central charge c is 6, both the dimensionless transport coefficients are 
exactly equal except for the bulk viscosity. 

Three comments are in order. Firstly, the value of the central charge c = 6 might 
be explained if we assume type IIB theory compactified on [20]. If we increase the 
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string coupling, the excitations of NS5-NS5 pairs wraped on can occur because the 
mass of NS5-brane is proportional to g'"^. It is known that at a larger string coupling 
than the correspondence point, the excitations of NS5-NS5 pairs attached to the string 
become entropically more favorable than the usual fundamental string excitations [20] . 
By taking the dualities, this system becomes D1-D5-P system. Since the central charge of 
the effective string model of D1-D5-P system is 6, we will find the exact correspondence 
between the membrane paradigm and string theory. I will discuss this problem in my 
forthcoming paper. 

Secondly, we can not find the correspondence between the black hole and the fun- 
damental string states concerning to the bulk viscosity as it has been already reported 
in our previous paper This is because the bulk viscosity of the membrane paradigm 
is negative Cbh = — iq^q^^ while that of the fundamental string states is positive. 
The calculation of the bulk viscosity of the fundamental string states is given in the 
Appendix |Al It is still mysterious why this mismatch occurs. 

Finally, it might be interesting to see the correspondence between the fundamental 
string states with the fuzzball solutions |2T]. If one finds how to obtain the transport 
coefficients of the fuzzball, one might be able to compare them with the closed string 
transport coefficients without reducing the longitudinal direction. Performing dualities 
to obtain D1-D5 system is also interesting. 
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A Bulk viscosity of fundamental string states 

I calculate the bulk viscosity of the fundamental string states by using the linear response 
theory. A bulk viscosity in d dimensional spacetime is defined by [22] 

5T\{uj) = ^^tuCh\{u), (158) 

where i = 1, ■ ■ ■ ,d — 1 runs over all spatial components. Since in the light-cone coordi- 
nates, the expression of the bulk viscosity is not simple, I identify r with instead of 
(^5^. Therefore, 

X° = 2a'MT. (159) 
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Although we overcount the physical oscillations of the string by one in this setting, we 
do not mind the numerical problem because what I would like to show here is that the 
bulk viscosity of the fundamental string is positive. 
By the Kubo's formula (l82l) . the bulk viscosity is 



2 /6 



v., V c 



'Nr+^Nl). (160) 



Therefore, the bulk viscosity of the fundamental string is positive. At the correspondence 
point, the bulk viscosity of the longitudinally reduced string becomes 

C~7^. (161) 
On the other hand, the bulk viscosity in the membrane paradigm is [H] 

Cbh = -tttV- (162) 

167rGAr 

Therefore, we find the discrepancy between the bulk viscosity of the membrane paradigm 
and that of the fundamental string states although both the absolute values are of the 
same order. 
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